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1. The Lorentz algebra. (10 points)

You previously showed the rotation and boost generators obey commutation relations
[JE, J7) = ie* Ik, [J¢, K9] = iR K", (K, K7 = —ie* ", (1)
These are Euclidean indices, which is why pairs of upstairs indices can be contracted.
a) Defining Ji = (J* 4+ iK*)/2, show that
i, =0,  [JL,JL) = i€t Tk, (2)

so that the Lorentz algebra is just two copies of the algebra of the rotation group.

Solution: In general, for any numbers a and b,

1 . . . . 1 . . . . . . ) .
1 [J' +iaK", J) +ibK7] = 1 ([J°, J7] +ia[K", J7] + ib[J*, K7] — ab[ K", K7]) (S1)
- ieij’“ ((1+ ab)J* +i(a+b)K*). (S2)
For a = —b =1 we find o
[JL,J2]=0 (S3)
as desired. For ¢ = b = £1 we find
(T4, T3] = ek gk (S4)

also as desired.

The commutation relations can be expressed more concisely if we collect all six generators
into the antisymmetric Lorentz tensor J*”, where

Jij — Eijkjk’ JOi — Kz (3)
The commutation relations can then all be written together as
[T, 0] = (P — T T ), (4)

By definition, a representation of the Lorentz algebra is a choice of J*” that satisfies these
commutation relations. The simplest example is the trivial representation J*” = 0, which
describes the action of Lorentz transformations on scalars.

b) In the vector representation, each generator J*” is a 4 x 4 matrix, with elements
(J*)ap = 1 (0505 — 0505)- (5)

This describes the action of Lorentz transformations on four-vectors V?, as you've
already seen. Starting from ([5), verify the generators satisfy the Lorentz algebra (4)).
(Hint: upper and lower indices should be contracted in pairs to perform matrix mul-
tiplication. For example, (J%J%),5 = (J%),7(J?®),5. If you get confused, start by
plugging in specific values for the indices and doing the sums explicitly.)

Solution: We just directly evaluate the commutator,

79, 9%y = 7 [ (8185 — 8504)(68205 — 670%) + 5435 — dgap)(ekey —aval)] . (35)



There are 8 terms in total, each of which has the form 7”7 times a product of four delta functions.
For each one, we can apply the identity 556577”‘5 = " to reduce the term to a product of two delta
functions times a metric tensor. Collecting the terms in four pairs yields the desired result.

This is tedious to write out. An easier way is to note that (S5|) is antisymmetric in 1z and v, and in p and
o, which means the result also has to be antisymmetric in these pairs of indices. In this way, you can

reduce the amount of algebra needed by a factor of 4, though you have to be a bit careful with signs.

c) The gamma matrices are 4 x 4 matrices defined to satisfy
(72" =20, (6)
Show that
[V P Y] = 2 (7P = Py T P — TP, (7)

Solution: We just directly use the definition of the commutator, and then use @ repeatedly to get the
two terms in the same form, picking up factors of the metric with each anticommutation:

Y AP = A APy = AP Ty (S6)
=T = AT = AP (S7)
=20 Py — APV T AP = PR (S8)
=20y = 2 Tty AP I TYY — AP = APy (89)
=200y = 2077y + 2Ty = P T (510)
= 20 Py = 2Tl 4 2P Ty — 2t P Y (S11)
= 2Py 4 2Ty Pyt = 2Py T — 2t P Y (S12)

Note that in the last step, we used the anticommutation relation on each of the middle two terms; the
factors of n¥?n** cancel between the two terms.

d) In the Dirac spinor representation, the generators are the 4 x 4 matrices
w _ tin v
S* =10 (8)

This describes the action of Lorentz transformations on Dirac spinors. Show that
these generators satisfy the Lorentz algebra .

Solution: Plugging in the definitions, we have

[SH, §P7] = —%[v“v” — YT = Y] (513)
- _% e e e A el L e Bl e AP M L Bl A P i (S14)
= —i[v”v”m”v"] (515)
- _% (NPT + 0 TPt — Py — TPy (516)

In the third step, we used the anticommutation relations on the last three terms, and in the fourth step
we used the result of part (c). To finish the problem, we note that

12 1 v 1 1% . 1% 174
Yyt = 5[7“# ]+§{7“,7 b= —=2iS" 4+t (S17)

Applying this to all four terms, the factors of the metric all cancel out, leaving the desired result

S, §P7) = in"PSHT + i 7 SPH — i SV g — i SPY. (S18)



2. Properties of gamma matrices. (15 points)

In this problem, you should only use the defining property @ of the gamma matrices.

Below, 1, denotes a 4 x 4 identity matrix.

a) Show that contractions of gamma matrices satisfy

Vi =414
VY = =297
VA A = 40" 1y
VA AN = =297

Solution: Since v* and ,, commute, we have

1 1
Yy = 5(7’% + 0" = 5{7“,w} =, =4

~~
Ne)

N

—_ =

= O
N NN

(519)

where the right-hand side has an implicit 4 x 4 spinor identity matrix. Now, the proofs of the other three
statements are very similar, but we use the defining anticommutation relation @ to get the v* and v,

next to each other, so we can use @ The results are:

Y Y = Y Yt — Yy
= 29", — 4"
= 27",

YA v = A AV Y = VY’

= 20771y = YV v 3+ s Y’
= 29777 = 297" + 47"
= 4nP¥.

YA YNy = 2 YA = A Ay
el 2 0 e e 1 ke e A S e e e i
= 2979"yP = 29P9Y 7 4 20 P — Ay Py
= 29797 = 299" = 297
=297{7",7"} = 29790 = 299"y = 2{", 917

= 297{7", 7} = 297"y = 29°4" 7 = 2{¥", "} + 29" °

= =27
b) Show that the traces of products of gamma matrices obey

tryt =0
tryfy” = 4nt
try#y"y? =0
tr Py =4 (0”7 = 0" + ).
Solution: We use the cyclic property of the trace,

trABC ... XYZ =trBC...XYZA

as well as the results we proved in part (a). For example, we have

1 1 1
t =" ,/AVV =1 7y/¢u — m
ry 1"{477’7} YL’Y’Y’Y} 21°’Y

(S35)



where we used @ the cyclic property of the trace, and . The only way this equation can be satisfied
is if try* = 0, as desired. A similar idea works for the trace of three gamma matrices,

1 1 1
7 e YT = — g tryPy iyt = — oty (S36)

1 g
tryfyy? = Lty "y e =

We can bring the right-hand side to the same form as the left-hand side using the anticommutation
relation,
1 B PV 1 1 v 1 p_1 T
*gtrvvv —5 77+ g tryy T = S trytyy (S37)
where the second step uses . We thus conclude tr'y“fy”vp = 0. One can generalize this argu-

ment to show that the trace of an odd number of gamma matrices always vanishes. (Of course, there
are multiple ways to show this; you could also have done it by inserting factors of (v°)? = 1, as in Peskin.)

Now let's consider the equations with an even number of gamma matrices. For two gamma matrices, we
can use the cyclic property of the trace to produce an anticommutator, giving

1
tryy” = 5t [y + "] = ] = 4™ (S38)

For four gamma matrices, we can use a similar idea, repeatedly using the anticommutation relations to
bring +* to the right and then moving it back to the left using the cyclic property of the trace,

tr APy = tr{yH, Y Iy — tr Ry Py e (S39)
= 80P — try {37 — try Pyt (S40)
=807 — 8Pyt +try {7} =ty Py (541)
=807 — 8PN + 8t TnfY — tr Ayt Pl (S42)

Adding try*~"~v”~° to both sides and dividing by two gives the result.

While these relations might seem random, there's a very simple way to summarize what they mean.
Consider an arbitrarily long product of arbitrary gamma matrices,

tr(v'v°7°7 %32t ). (S43)

The defining anticommutation relations tells us that we pick up a minus sign when we swap the order of
any two adjacent, distinct gamma matrices. So such a trace can always be rewritten in the form

£tr((70)" (7)™ ()" (v*)"™) (S44)

where ng through ns are nonnegative integers. The anticommutation relations also tell us that v°v° =1

and y!'y! =242 = 4343 = —1, which reduces the trace above (up to a sign) to

£tr((4%)"0 (7)™ ()2 (%) ™) (545)

where the m; are 0 or 1, depending on the parity of the n;. Looking back at what we've just proven,
says the trace of any single gamma matrix is zero, says the trace of the product of any two distinct
gamma matrices is zero, and and say the analogous results for three and four gamma matrices.
Therefore, the trace is automatically zero unless all of the m; are equal to zero. The punchline is
that the only way to get a nonzero trace is to multiply an even number of copies of each type of gamma
matrix.

c) It will be useful to introduce the matrix 7° = i4%y192y3. Show that

{(7*4"}=0 (17)

(7°)? = 14 (18)

try’ =0 (19)

tr 5" =0 (20)

tr AP APAT P = —4i PO (21)



Solution: We can check the first statement for each value of u. For example, for ;1 = 0 we have

0,1.2.3.0 0,01,2.3 (846)

{7°,7°} = i %90 + iy Py

The second term can be brought to the first term by performing three anticommutations, each of which flips
the sign. Thus, the sum of the two terms is zero. The logic for = 1,2, 3 is similar.

To prove the second statement, we note that

G Tt 0 G e e e e o (S47)
=772y (S48)
_ _72,}/372,}/3 (849)
= —y343 (S50)
=1 (S51)
where we just used the anticommutation relations, which imply 799% =1 and y!4! = 4292 = 343 = —1.
To prove the third statement, we can simply use ([16]),
15 = i try0y 23 = 4i(0 2 — 02013 4 n%12) = 0. ($52)

For the fourth statement, we can do some casework on the values of p and v. If 4 = v, then the v* and
+* multiply to give +1, leaving us with try® = 0. On the other hand, suppose y # v, then we can bring
the factors of v and ¥ within 7° to the left, by performing anticommutations. Multiplying them with v/~
yields 1 and leaves the trace of a product of two different gamma matrices, which is zero.

Finally, for the last statement, let’s first show that the left-hand side is totally antisymmetric in its four indices.
For the 1 and v indices, note that

tr Py 7Py = 2P tr Py yS =ty P = — tr PR (S53)

By similar reasoning, we get a sign flip when we exchange the v and p indices, and the p and ¢ indices, which
suffices to show that the left-hand side is antisymmetric in all four indices. Thus, it must be equal to Ae*¥P?
for some constant A. To find the constant, we just consider a special case,

tr 1091924347 = 4012 = A, (S54)

The left-hand side is just
—itr(y°)? = —4i (S55)

which yields the desired result.

3. Invariance of the Dirac Lagrangian. (15 points)

The Dirac Lagrangian is B
L =V(i} —ml,)¥ (22)

where ¥ = U110 and @ = 4#,. The four-component spinor ¥ is acted on by the gamma
matrices. In general, a Lorentz transformation A will change a spinor according to

U(z) — V() = U(A)U(z) (23)

where U(A) is some 4 x 4 matrix, not necessarily unitary.

a) Show that the Dirac Lagrangian is invariant under Lorentz transformations if

U™ (A) =7°UT(A)7°, U AU (A) = A" 5. (24)



Solution: From basic special relativity, we know that under a Lorentz transformation,

0 0 0
— = — = A\ .
Oz, - ox), Y Ozv (556)

ot — 't = A* Y

Now let's show that each term in the Dirac Lagrangian is invariant. The mass term is invariant because
O = 000 - U000 = 0T U 10w = 9w, (S57)

To show the kinetic term is invariant, note that

TPU — WU, A" " UT (S58)
= Uy OU Iy A" UG (S59)
= WA,y A", 0" T (S60)
= Un, 0"V (S61)
= UPU. (S62)

b) Show that for an infinitesimal Lorentz transformation A" = n** + w"” the above
relations are satisfied for

UA) =1, — %wws,“,, (25)

where S is the Lorentz generator defined by (8). (Hint: use y°7#~% = (4#)7, which
holds in every representation of the gamma matrices.)

Solution: Expanding out the definitions, we have

1
U=1+ g[’y“,’y”}ww (S63)
which implies
1
Ut =1 - o5l (364)
since we're considering infinitesimal translations. To prove the first result note that
1 v
YU =1+ 29°10) (") T w (S65)
1 17
= L+ 27" 0" " 1w (S66)
1
=1- 2" 7w (S67)
=U L (S68)

In the first step, we used the fact that [A, B]" =[BT, A'], in the second step we used ~f, = 4°7,7°, and
in the third step we used v°4° = 1.

For the second relation, note that

YulVor Yol = 4MppYo — MuoVp) + Vo Vol V- (569)
Next, ) .
’YILU - 7”(]— + §[7P770]Wp0) = U'-Yu + §(WHU’YU - WJMFYJ) = U,-YP« + w,U«(T,-yU' (870)
Finally, we find
Uﬁl’mU = Uﬁl(U% + wWuoV) = (M + W)V = Ay’ (S71)

as desired. Note that in the penultimate step, we dropped a term of order w? since the Lorentz transfor-
mation is infinitesimal.



c)

d)

A finite Lorentz transformation is given by exponentiating a generator,

U(A)::@q)(—%uw&gw). (26)

Explicitly write down the 4 x 4 matrix U(A) for a rotation about the z-axis by an
angle 6, and a boost along the z axis with rapidity ¢. Use the Dirac representation
of the gamma matrices, as this will yield simple results in the nonrelativistic limit.

3

Solution: For rotations around the z-axis by an angle § we have w?® = —w32 = @ and all other entries

zero. In the Dirac representation, we find

(2 1) (L ()23 ) e

Consequently,

U(A(a))zexp{f(%1 0 )}zcosi]l—i—isini(%l 0 ) (S73)

01 01

This makes sense, because it just says that both of the two-component spinors that make up a Dirac
spinor transform like spin 1/2 particles in ordinary quantum mechanics.

03

For boosts along the z direction we have w9 = —w3% = ¢ and all other entries zero, and

0 .31 _ 10 0 o3 _ 0 o3
Consequently,

U(A(9)) :exp{;) ( (33 003 )} :coshg]l—i— ( ;) 003 )sinh(g. (S75)

3

In other words, boosts mix the two two-component spinors, while keeping the spin state the same.

Show that the Dirac Lagrangian is invariant under ¥ — e~**¥, and find the associated
conserved current Ji;. Then show explicitly that d,J{; = 0 using the Dirac equation.
Solution: The Lagrangian is invariant because we also have ¥ — W, so the phases cancel out. Now,

to avoid confusion when applying Noether's theorem, let's explicitly write out the spinor indices. The
changes in the spinors are

(00), = —i¥,, (00), = (1), (S76)
and Noether's theorem states
oL oL =
h— = (§0), + ————(60),
V=500, 50,9, (877)

where there is an implicit sum over the spinor index a. (It ranges from 0 to 3, covering the four elements
of the spinor, but it is not a Lorentz index.) The second term is just zero, so we get

T = (U)o (~i0),. (S78)
We can rewrite this without explicit spinor indices as
J = Uy (S79)
where there are now implicit spinor matrix multiplications. To check this is conserved, note that
Il = (0, 0)Y" T + U9, ¥ = imU¥ — imP¥ = 0. (S80)

Show that when m = 0, the Dirac Lagrangian is also invariant under ¥ — e~
and find the associated conserved current J/. What is 0,J/; when m is nonzero?

7



Solution: Using the fact that ° anticommutes with all gamma matrices, we have
U =00 \I/Tem'f)'yo = \IITfyoe_i‘”E) = Jeion”, (S81)

Thus, the Lagrangian becomes
. 5 . 5
Ylemior’ ge=ior’y, (S82)

Moving the e—i7° past the @ flips the sign of the exponential, so we end up with a factor of eier’ g=iar’ =
1. Now, the changes in the spinors per «, for infinitesimal «, are

o0 = —in°U, 60 = —iWr® (S83)

which means the Noether current is -
Jh = UytyP . (S84)

For nonzero m, the divergence of the current is

Ol = (0,02 + UyH450, T (S85)
= (8 V)"0 — Uy 'y, W (S86)
= imUy° U + imUAy (S87)
= 2imU~° U, (S88)

4. x Spinors in three dimensions. (5 points)

In this course, we focus on spinors in four dimensions for good reason. In this optional

problem, you’ll see how the same mathematical structures appear in three dimensions.

a) Consider spinors in three spacetime dimensions. What are the smallest nonzero ma-
trices that can satisfy (@? Write down three such matrices 4%, 4!, and 72 explicitly.
Solution: The minimum size is 2 X 2, and one example set is

Y = o2, yt =iot, 72 =io? (S89)

where the o? are the Pauli matrices.

b) We define the spinor Lorentz generators by in any dimension. Since there are now
only two spatial dimensions, there is only one rotation generator S'2. What phase
does a spinor pick up after a 27 rotation?

Solution: We have

512 = i[ml,ia ] = 7(’2 . (S90)
Then a 27 rotation yields
exp (—mo?) = -1 (S91)

and therefore a phase of 7, just like in 4 dimensions.

c) How does the tensor product of two spinor representations decompose into irreducible
representations of the Lorentz group?

Solution: By the exact same logic as in 4 dimensions, we can extract a Lorentz scalar by 1), and a
Lorentz vector (which only has three components) by ¥y*1). Since spinors have 2 components, the tensor
product has 4 components, so this decomposition is complete: there isn’t anything else. For instance,
you might consider putting [y*,~"] in the middle, but in three dimensions the commutator of two gamma
matrices is just another gamma matrix, so you don't get anything new. Similarly, you can't use 7° to
get anything new, as its analogue here, iv°y1~2, is just proportional to the identity.

In two spatial dimensions there are exotic particles called anyons, which can pick up an
arbitrary phase after a 2w rotation. However, they can’t be described by the conventional
quantum fields covered in this course.



